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INTRODUCTION
The purpose of this paper is to study the duality principle, "reachability is dual to observability," for linear dynamical systems over commutative rings. Namely, the duality principle holds in the commutative ring R if for every linear dynamical system X over R, C is observable (reachable) if and only if the dual system X." of Z is reachable (observable).
The classical case of this principle, i.e. when R is a field, can be found in R. E. Kalman [4] . This case has been generalized by W. S. Ching and B. F. Wyman in [2] . They have proved that the duality principle holds for noetherian total quotient rings. 139:175-180 (1990) This paper is organized as follows. Section 1 contains some definitions and notation. Section 2 is devoted to proving the main result in this paper, specifically, that the duality principle holds in a commutative ring R if and only if every finitely generated faithful ideal of R contains a unit. Finally, we use this characterization to prove that for reduced rings the duality principle holds if and only if the height of every finitely generated ideal is zero.
LJNEAR ALGEBRA AND ITS APPLICATIONS

PRELIMINARIES
This section is devoted to stating some definitions and notation.
Throughout this paper R will denote a commutative ring with unit. DEFINITION 1.1.
A constant discrete-time linear dynamical system C over the ring R consists of three R-modules X, U, and Y, together with three R-module maps F:X+X,
G:U+X,
H:X+Y.
Throughout this paper, the modules X, U, and Y will be always assumed to be finitely generated free R-modules: X = R", U = R", Y 2= RP. The integer n will be called the rank of the R-system 2. Under this hypothesis we can think of F, G, and H as matrices with coefficients in R. Matrices will be written on the left, so that F is n X n, G is n X m, and H is p X n. Later on we will usually omit most adjectives and we will simply say that C = CR", R", RP, F,G, H) or c = (F,G, H) is an R-system. DEFINITION 1.2. The dual system, Z', of the R-system s = (F, G, H) is the R-system given by the triple C" = (F t, H ', Gt) where F t, H t, and G' are the dual R-homomorphisms of F, H, and G respectively.
Associated with I; = (F, G, H) we have for each nonnegative integer i the R-linear maps F"G from R" to R" and HF" from R" to RP. The reachabil- 
THE CHARACTERIZATION THEOREM
DEFINITION 2.1. Let R be a ring. We say that the duality principle holds for R if for every system Z = (F,G, H) over R the following statements are equivalent:
(i) The system E = (F, G, H) is observable over R.
(ii) The system Bf = (Ft, H',Gt) is reachable over R.
If R is a noetherian ring that is equal to its own total quotient ring, then the duality principle holds for R (see [2] ). Now we can state the duality theorem as follows: THEOREM 2.3.
Let R be a ring. The following statements are equivalent:
(i) The duality principle holds for R.
(ii) Every finitely generated faithful ideal of R contains a unit.
Proof. 
Proof.
Let r be a nonzero divisor of R. Then the principal ideal I = rR is faithful. By Theorem 2.3, one has Z = R. Therefore r is a unit of R. n COROLLARY 2.5.
Let R be a noetherian ring. The following statements are equivalent:
(i) The duality principle holds fm R.
(ii) R is equal to its own total quotient ring.
It follows from Remark 2.2 and Corollary 2.4. W COROLLARY 2.6.
Let R be a ring such that for every finitely generated ideal Z of R, Z # R, the height of Z is zero (i.e., Z is contained in a minimal prime ideal of R). Then the duality principle holds for R.
Let I be a finitely generated ideal of R. If I f R, then Z is contained in a minimal prime ideal of R. Therefore Z is not faithful (see [5, p. 63 Let R be a reduced ring. The following statements are equivalent:
(ii) For every finitely generated ideal I of R, I# R, the height of 1 is zero.
